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Abstract
Thermal disequilibrium around a wellbore can persist for a substantial time after drilling circulation ends, especially in deep or high-temperature
settings where the contrast between circulating fluid and native formation temperature is pronounced. This persistence is operationally important
because perforation, cleanup, and drill stem testing are often performed before the disturbed rock has fully recovered. Under those circumstances,
the earliest fluids entering the wellbore do not represent the undisturbed reservoir alone. Instead, they carry the thermal signature of a near-
wellbore region whose temperature has been altered by prior circulation and whose recovery remains incomplete. The result is that early pressure
and temperature measurements reflect a coupled transient involving radial heat recovery, inflow redistribution, and wellbore transport rather than
a stabilized reservoir response. This paper develops a multiscale reconstruction framework for that problem. The proposed model describes
circulation-induced thermal memory in the formation through a reduced radial field, links that field to interval-scale entering fluid temperature
by means of an inflow-weighted thermal functional, and embeds the resulting entry conditions into a multirate drill stem test response model. A
regularized inverse procedure is then introduced to estimate the hidden thermal state, interval contributions, and uncertain transport parameters
from pressure, temperature, and rate data. The analysis emphasizes early-time and late-time asymptotics, identifiability of the disturbed radial
profile, and the practical conditions under which thermal memory materially alters inflow interpretation. The resulting formulation is intended
to improve early drill stem test diagnostics in recently circulated wells where conventional equilibrium assumptions are not yet valid.

1. Introduction

Interpretation of drill stem test behavior immediately after drilling
is often more difficult than the standard pressure-transient for-
mulation suggests (1). The reason is not only that the flow is
early or that the well may still be cleaning up. The reason is that
the physical state of the formation in the immediate vicinity of
the wellbore may still carry a substantial thermal memory of
the circulation period that preceded the test. Drilling fluid cir-
culation imposes a thermal forcing on the wellbore and the sur-
rounding rock whenever the fluid temperature differs from the
native formation temperature. In high-temperature wells that
forcing commonly cools the near-wellbore region, although the
same mathematical structure applies to heating in colder set-
tings. Once circulation ceases, that disturbed region does not
disappear. It relaxes by radial heat transfer over a timescale
controlled by thermal diffusivity, geometric extent of the dis-
turbance, wellbore thermal conductance, and the operational
sequence that follows. If perforation, cleanup, and drawdown
begin before that relaxation is complete, then the earliest fluid
entering the wellbore passes through a radial thermal field that
differs from the undisturbed reservoir. Any attempt to infer
fluid properties, rate, or effective deliverability from early pres-
sure and temperature data must therefore confront an inherited
thermal state that is hidden, spatially distributed, and time de-
pendent.

The near-wellbore cooling problem has direct implications

for practical test interpretation because temperature affects sev-
eral quantities simultaneously (2). Fluid density, viscosity, com-
pressibility, and enthalpy are all temperature dependent. Gas-
rich systems are especially sensitive because density and com-
pressibility may shift materially even over modest temperature
differences, and volatile or condensate-prone fluids may show
further complexity if thermal and pressure transients interact.
The thermal state can also influence the effective transmissi-
bility of the very near-wellbore region through temperature-
sensitive stress changes, though a purely thermal-flow treat-
ment already reveals much of the interpretive difficulty. What
matters for the present paper is that the fluid entering the well-
bore during the earliest stages of a drill stem test is not sourced
from a thermally neutral formation volume. It is sourced from
a region still recovering from circulation. This fact means that
early-time wellbore temperature and rate behavior cannot be
interpreted correctly through equilibrium assumptions alone.

The operational sequence strengthens the effect. A typi-
cal well may experience circulation, cessation of circulation,
a period of shut-in, perforation, a cleanup flow, one or more
drawdown periods, and one or more buildups, all before the
near-wellbore thermal field has stabilized. Each step changes
the way measurements relate to the hidden radial temperature
state. During circulation, the dominant mechanism is heat ex-
change between moving wellbore fluid and formation (3). Dur-
ing shut-in, the state evolves mainly by radial heat diffusion
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Figure 1. Post-circulation operating window. The sequence emphasizes that early inflow and multirate drill stem testing begin while a latent
radial thermal disturbance still persists in the near-wellbore rock, so the test starts from a history-dependent thermal state rather than from
equilibrium.
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Figure 2. Radial structure of post-circulation thermal memory. The central well is surrounded by a cooled shell and a broader recovery band
whose temperature relaxes outward toward the far field by radial diffusion, preserving a distributed thermal memory over the early testing interval.

and residual wellbore equilibration. During early inflow, the
temperature of the entering fluid depends on a radial weight-
ing of the disturbed field that is itself controlled by drawdown
and local mobility. During multirate flow, rate changes alter
that weighting again, so the same hidden radial field is sam-
pled differently from one segment to the next. Because pres-
sure often responds more quickly than temperature, pressure
behavior may appear to settle while the thermal field remains
strongly transient. A model calibrated mainly to pressure may
then misattribute thermal memory to other effects such as ef-
fective skin, changing mobility, or measurement irregularity.

A closely related physical motivation appears in the work
of Hasan et al. (2024) (4), where circulation-induced near-
wellbore cooling is shown to influence the temperature of fluids
entering the wellbore and thereby to affect early drill stem test
interpretation. The present paper develops a different method-
ological response in the same field. Rather than centering the
analysis on one forward thermal estimate for a given opera-
tional schedule, it formulates the problem as a multiscale in-
verse reconstruction of hidden thermal memory from subse-
quent test data. In that formulation the disturbed radial tem-
perature field is a latent state (5). Entering fluid temperature
is a functional of that latent state. Bottom-hole pressure and
temperature are observations generated after the entering fluid
mixes, exchanges heat with the wellbore, and evolves under the
test schedule. The task of interpretation is then to reconstruct

the latent thermal state and its influence on early inflow in a
way consistent with both thermal physics and observed well
response.

The central thesis of this paper is that early multirate drill
stem test interpretation after recent circulation should be posed
as a history-dependent thermohydraulic reconstruction prob-
lem rather than as a single-regime flow problem with a small
temperature correction attached. This thesis has several con-
crete consequences. First, the thermal disturbance created dur-
ing circulation must be represented radially rather than col-
lapsed into a scalar offset, because early inflow samples the
near-wellbore field nonuniformly and later inflow progressively
samples farther radii. Second, the entering fluid temperature
should be modeled as an inflow-weighted integral over the dis-
turbed radial field rather than as a boundary temperature at
one point. Third, the multirate test schedule is not merely a
nuisance. Because rate changes alter the radial weighting of
the hidden thermal field, they provide information about that
field when interpreted appropriately. Fourth, inversion must
be regularized by the physical structure of heat diffusion, be-
cause the hidden state is only partially observable and several
thermal and hydraulic parameters can compensate one another
over short windows (6).

The strategy adopted here is therefore to build an analytic
and reduced-order structure around the thermal memory of cir-
culation. The first part of the paper formalizes the physical
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Figure 3. Reduced reconstruction of entering-fluid temperature. The hidden radial field is represented by a small set of thermal modes, the
rate-dependent inflow kernel determines how those modes are sampled, and the resulting functional produces the interval entry temperature that
carries the near-wellbore thermal memory into the test response.
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Figure 4. Multirate drill stem test response with distributed inflow and wellbore transport. Interval-specific entry streams are mixed, advected,
and thermally exchanged in the wellbore before the bottom-hole temperature and pressure are observed, while rate steps modify both inflow
partitioning and thermal sampling.

setting and identifies the relevant timescales. The next part
derives an integral representation of radial thermal memory
and shows how it enters the entering-fluid temperature. The
analysis then couples this entry-temperature model to a multi-
rate drill stem test response equation that includes distributed
inflow, wellbore thermal transport, and compressible effects
in reduced form. On that basis a regularized inverse recon-
struction is developed. The inverse formulation estimates the
hidden radial thermal coefficients, interval-scale contribution
factors, and uncertain thermal transport parameters from mea-
sured pressure, temperature, and rate histories. An asymptotic
section follows, because early-time and late-time limits illumi-
nate which parts of the hidden field are actually observable
from field data. The paper then turns to numerical design and
field-oriented interpretation logic, emphasizing what kinds of
tests can truly constrain the thermal memory and which ambi-
guities remain irreducible.

The intention is not to claim that a single reduced inverse
framework resolves every complexity of well testing after cir-
culation. Wells may be multilayered, multiphase, deviated, or
compositionally complicated (7). Those issues can all matter.
The narrower but important claim made here is that delayed
near-wellbore thermal recovery is a first-order interpretive vari-
able in recently circulated wells and that it can be represented

mathematically in a way that is both physically transparent and
operationally useful. By organizing the problem around hid-
den radial thermal memory rather than around isolated temper-
ature corrections, one can obtain a more coherent picture of
early inflow temperature, interval contribution, and multirate
test behavior.

2. Physical Setting and Time-Scale Structure of Post-
Circulation Thermal Memory
The essential physical object in the present problem is the tem-
perature disturbance in the formation immediately surrounding
the wellbore. Let r denote radial distance from the well axis,
rw the effective wellbore or completion radius, and rb an outer
radius large enough that the temperature disturbance is negli-
gible there on the timescale of interest. Let the undisturbed
formation temperature at the tested interval be T∞, and define
the disturbed field as

θr, t = Tfr, t – T∞. (2.1)

When circulation fluid is cooler than the formation, θr, t is neg-
ative near the wellbore after circulation ends. The quantity of
direct operational interest is not θ at one point but the way the
entire radial profile evolves and how it influences the tempera-
ture of fluid entering the wellbore during the test.
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Figure 5. Regularized inverse reconstruction. Pressure, temperature, and rate history are fused with operational schedule and circulation-
informed priors to recover latent thermal modes, interval contribution factors, and uncertain transport parameters under a physically constrained
joint inversion.
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Figure 6. Asymptotic observability structure. Early flow mainly resolves the near-wall thermal modes, intermediate multirate response offers the
strongest leverage on a broader subset of hidden states, and late recovery carries a weaker but more equilibrated thermal signal as the circulation
imprint decays.

The thermal evolution of the formation in a single tested
interval may be represented by an effective radial energy equa-
tion. Neglecting azimuthal variation and suppressing depth de-
pendence locally, one has (8)

ρce
∂Tf
∂t ρcmvr

∂Tf
∂r =

1
r
∂

∂r

(
ker

∂Tf
∂r

)
qhr, t, (2.2)

where ρce is the effective volumetric heat capacity of the satu-
rated formation, ρcm is the mobile fluid contribution, vr is ra-
dial Darcy velocity during inflow, ke is effective thermal con-
ductivity, and qh is a source term representing reduced inter-
action with the wellbore or other unresolved mechanisms. In
terms of the disturbance θ, and assuming the far-field temper-
ature is stationary over the relevant operational window, the
same equation becomes

ρce
∂θ
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∂θ

∂r =
1
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∂

∂r

(
ker∂θ

∂r

)
qhr, t. (2.3)

During shut-in before flow begins, the radial velocity is negli-
gible and the equation is essentially diffusive. During flow, the
advective term becomes important near the wellbore where the
inflowing fluid is sampling the recovering thermal field.

A useful first observation concerns timescale separation.
The characteristic radial thermal recovery time over a radial
scale Lr is approximately

τT ∼ L2
r
α

, (2.4)

where α = keρce is thermal diffusivity. By contrast, a charac-
teristic hydraulic response time over the same interval depends
on pressure diffusivity and well conditions and may be consid-
erably shorter. This difference matters because pressure data
can give the appearance of stabilization while the thermal field
remains strongly transient. If the near-wellbore thermal distur-
bance extends several inches or more into a low-diffusivity for-
mation, the recovery time may exceed the earliest drawdown
and cleanup periods by a substantial margin (9). In that case,
any early-time entering temperature must be interpreted as a
transient sampling of a recovering radial field rather than as a
reservoir temperature proxy.

The wellbore itself introduces another timescale. Let Twz, t
denote wellbore fluid temperature in the tested interval. Its evo-
lution may be represented through a reduced axial energy bal-
ance,
∂

∂t
(
ρwAwcp,wTw

) ∂

∂z
(
mhw

)
= UP

(
Tfrw, z, t – Tw

)
Qmz, t,
(2.5)

where ρw is wellbore fluid density, Aw the flow area, cp,w the
specific heat, m the mass flow rate, hw the enthalpy, U an over-
all heat-transfer coefficient, P wetted perimeter, and Qm a re-
duced source term accounting for inflow mixing and additional
thermal effects. The wellbore thermal response is influenced
by entering fluid enthalpy and by continued exchange with the
disturbed formation. Thus the measured bottom-hole tempera-
ture does not reveal the entering temperature directly. It is the



Table 1. Primary symbols used in the thermohydraulic formulation

Symbol Description Units Section Context
r Radial distance from well axis m Thermal field definition
rw Effective wellbore radius m Near-wellbore boundary
T∞ Undisturbed formation temperature K Far-field reference
θr, t Thermal disturbance Tf – T∞ K Radial memory state
ke Effective thermal conductivity W m–1K–1 Formation heat transfer
α Thermal diffusivity keρce m2s–1 Recovery timescale

Table 2. Characteristic time scales governing post-circulation thermal recovery

Process Characteristic Expression Physical Meaning Operational Impact
Radial thermal recovery τT ∼ L2

rα Diffusive relaxation of disturbance Controls persistence of cooling
Hydraulic pressure response τP (pressure diffusivity) Pressure propagation in formation Faster than thermal response
Wellbore equilibration τW Thermal exchange with formation Alters measured temperature
Operational sequence τO Shut-in and flow scheduling Determines sampling of thermal state

result of a transient coupling among inflow, wellbore transport,
and the surrounding rock.

The radial disturbance at the end of circulation is deter-
mined by the circulation history. If qcτ denotes an effective
thermal forcing at the wellbore during circulation, a line-source
style representation yields a history-dependent radial field for
later times,

θr, t = – tc
0

qcτ

4πkeHE1

(
r2

4αt – τ

)
dτ, t > tc, (2.6)

where tc is the end of circulation, H is an effective interval
thickness, and E1 is the exponential integral (10). This expres-
sion is not intended as an exact universal solution for every
completion geometry. Its importance lies in showing that cir-
culation does not produce a single thermal offset. It produces
a distributed radial memory kernel that decays diffusively and
whose shape depends on the time history of thermal forcing.

The operational sequence after circulation determines how
that hidden memory becomes observable. During pure shut-
in, observations of temperature at the wellbore mainly reveal
how the wall-adjacent portion of the field is recovering and how
the wellbore column itself is equilibrating. During initial flow,
the relevant quantity becomes the temperature of the fluid as it
enters the well. This temperature depends on a radial weight-
ing of the disturbed field. Early in the flow period the weight-
ing is heavily concentrated near the wellbore because the pres-
sure perturbation has not penetrated far. Later, the weighting
broadens. A multirate schedule changes the weighting again
(11). Thus the test itself probes the hidden radial field with a
sequence of different filters. That fact is central to the recon-
struction approach developed later in the paper.

Another important aspect is multilayer or multi-entry be-
havior. If several perforated intervals contribute flow, each
may possess a different thermal history. One interval may have
experienced stronger cooling because of local circulation ex-
posure or longer contact with a cooler fluid column. Another
may have recovered more during shut-in because of higher dif-
fusivity or thinner damaged zone. These differences can lead

to interval-specific entering temperatures even when the far-
field geothermal temperature does not vary strongly. When
those streams mix in the wellbore, the measured temperature
becomes a weighted mixture of hidden interval contributions.
The inverse problem is therefore not only radial but also com-
positional across entries.

The physical setting is therefore governed by three inter-
locking facts (12). First, near-wellbore thermal memory is ra-
dially distributed and persists after circulation. Second, the test
schedule probes that memory through time-varying inflow and
wellbore transport. Third, the measured temperature is a mixed
response rather than a direct state variable. These facts moti-
vate a formulation in which circulation history enters through
a thermal memory kernel, inflow is treated as a weighted sam-
pling of that kernel, and interpretation proceeds by reconstruct-
ing the hidden radial state from the available data. The next
section formalizes the thermal memory kernel and derives the
integral relation connecting it to entering fluid temperature.

3. Thermal Memory Kernel and the Reconstruction
of Entering Fluid Temperature
The central hidden quantity for early drill stem test interpreta-
tion is the radial thermal profile in the near-wellbore zone. Yet
the immediate practical quantity of interest is not the full pro-
file itself. It is the temperature of the fluid entering the wellbore
after passing through that disturbed zone. Bridging those two
quantities requires a mathematically explicit thermal memory
kernel and a carefully defined inflow weighting.

A useful reduced description begins by separating the ra-
dial disturbance from the far field and expanding the distur-
bance in a finite basis, (13)

θr, t = M
i=1

aitϕir, (3.1)

where {ϕir} are radial basis functions chosen to resolve the
thermally important scales of the near-wellbore region. The ba-
sis may be constructed from diffusion eigenfunctions, logarith-



Table 3. Components of the radial thermal memory representation

Component Mathematical Form Interpretation Role in Model
Basis functions ϕir Radial temperature modes Resolve near-wellbore gradients
Coefficients ait Time-dependent amplitudes Hidden thermal memory state
Mode expansion θr, t = aitϕir Reduced representation Enables inversion
Recovery propagator Gk Diffusive temporal evolution Controls mode decay

Table 4. Key quantities describing entering fluid temperature

Quantity Definition Dependence Physical Meaning
Tint Entering fluid temperature Radial disturbance Inflow thermal state
wr, t Inflow weighting kernel Flow dynamics Radial sampling function
cit Mode observation weight Kernel and basis Projection of thermal modes
ΔTbias T∞ – Tin Thermal memory Property bias indicator

mic finite-volume hat functions, or orthonormalized circulation-
recovery snapshots. What matters is that the first few modes
capture the steep gradients close to rw, because early inflow is
most sensitive to those gradients. The coefficients ait form the
latent thermal memory state. During shut-in, their evolution
is predominantly diffusive. During flow, advection and chang-
ing boundary conditions perturb their dynamics, but the same
coefficients still retain a consistent physical meaning.

The entering temperature Tint is modeled as a radial func-
tional of θr, t. Let wr, t denote the inflow weighting kernel,
which represents the contribution of each radial shell to the
fluid entering the well at time t. Then

Tint = T∞

rbrw wr, tθr, t dr
rbrw wr, t dr . (3.2)

This formula encodes a simple but important physical fact: the
inflowing fluid does not sample the near-wellbore region uni-
formly. The weighting is concentrated near the wellbore at
early time, then broadens as the pressure transient penetrates
farther outward. The exact kernel depends on compressibility,
mobility, skin, and completion details, but its qualitative struc-
ture is robust.

Substituting the basis expansion into the entering-temperature
formula gives (14)

Tint = T∞
M
i=1

citait, (3.3)

where

cit =
rbrw wr, tϕir dr

rbrw wr, t dr . (3.4)

The coefficients cit are the effective thermal observation weights
induced by the inflow at time t. This representation makes
the interpretation problem clearer. The hidden thermal mem-
ory state is the vector at. The entering temperature is a time-
varying linear functional of that state. When the rate changes,
the kernel wr, t changes, and hence the vector ct changes. Thus
the multirate test naturally provides several different projec-
tions of the same hidden radial field.

The inflow kernel can be related to pressure-transient struc-
ture. In a single-phase radial inflow setting, one may take

wr, t ∝ rρr, t|vrr, t|, (3.5)

so that radial shells contribute in proportion to mass flux. Al-
ternative choices are possible, especially when the aim is to
approximate the residence-time distribution of fluid particles
moving toward the well (15). The present formulation leaves
the exact kernel general because the crucial point is its opera-
tional dependence, not a single fixed closed-form expression.
In a reduced inverse model, wr, t may be precomputed over a
range of representative flow conditions or expressed through a
parameterized family indexed by drawdown and mobility.

During the earliest portion of a flow period, the kernel is
sharply concentrated near the wellbore. If the basis functions
are ordered from near-wall to broader scales, then the entering
temperature admits an early-time approximation

Tint = T∞
me

i=1
ce

i tait Oϵt, (3.6)

where me ≪ M and ϵt measures the small contribution of
broader modes at very early time. This approximation implies
that early-time temperature data strongly identify only a narrow
projection of the thermal memory state. It also explains why
scalar correction formulas often fail: they effectively assume
me = 1 and neglect the broader basis of radial disturbance
needed as the test evolves.

The same logic applies to multilayer inflow. Suppose in-
terval ℓ has its own thermal memory state aℓt and weighting
vector cℓt. Then its entering temperature is

Tℓ
int = Tℓ

∞ cℓt⊤aℓt. (3.7)

If mℓt is the interval mass inflow, the mixed entry temperature
at the wellbore is related to the interval contributions through
enthalpy conservation. In the simplest single-phase approxima-
tion, (16)

Tmixt ≈
L
ℓ=1 mℓtcp,ℓtTℓ

int
L
ℓ=1 mℓtcp,ℓt

, (3.8)



Table 5. Interval-scale variables in distributed inflow modeling

Variable Description Model Role Observational Link
mℓt Mass inflow from interval ℓ Distributed inflow Affects pressure and temperature
Tℓ

in Interval entering temperature Thermal state per layer Enthalpy source
ζℓt Soft allocation variable Flow distribution control Determines interval contribution
pr,ℓ Effective reservoir pressure Inflow driving force Appears in inflow law

Table 6. Elements of the reduced wellbore thermal transport model

Element Mathematical Quantity Function Measurement Influence
Wellbore temperature Twz, t Axial thermal state Produces measured temperature
Mass flow mz, t Energy transport Couples entries along wellbore
Heat transfer coefficient U Formation–wellbore exchange Controls thermal relaxation
Entry enthalpy hin

ℓ
Interval thermal input Drives mixing temperature

where cp,ℓt are effective heat capacities. Even if the comple-
tion intervals are similar hydraulically, distinct thermal histo-
ries can therefore produce different interval entering tempera-
tures and hence a mixed temperature response that cannot be
captured by a single-layer model.

The thermal memory kernel also clarifies the role of shut-
in duration. Let ts denote the shut-in start and tf the start of
flow. The radial state at the start of flow is

at–
f = Gtf – tsats

tf
ts Gtf – τfwτ dτ, (3.9)

where G is the reduced recovery propagator and fw is the ef-
fective wall forcing induced by residual wellbore equilibration.
Thus shut-in time enters the problem through a semigroup ac-
tion on the post-circulation thermal state. Two wells with iden-
tical circulation histories but different shut-in durations can
therefore have markedly different entering temperatures at the
start of testing, even if their pressure conditions are compara-
ble.

Another instructive quantity is the thermal bias relative to
the undisturbed formation temperature,

ΔTbiast = T∞ – Tint. (3.10)

This bias can be propagated directly into fluid-property correc-
tions. If µT and ρT are local viscosity and density relations,
then to first order

Δµt ≈ ∂µ

∂T |T=T∞
ΔTbiast

Δρt ≈ ∂ρ

∂T |T=T∞
ΔTbiast. (3.11)

In gas systems this bias can influence rate estimates and ap-
parent deliverability (17). That is why accurate reconstruction
of Tint matters even when the primary operational quantity of
interest is not temperature itself.

The thermal memory kernel therefore provides both a con-
ceptual and mathematical bridge between circulation history
and early drill stem test inflow. It converts the hidden radial
profile into a time-varying, schedule-dependent inflow temper-
ature. Once combined with a wellbore transport model, it pro-

duces the measured temperature response. The next section in-
corporates this structure into a multirate drill stem test model
suitable for inversion.

4. Multirate Drill Stem Test Response with Distributed
Inflow and Wellbore Thermal Transport
A thermal reconstruction is only useful if it can be linked di-
rectly to the observables measured during the test. In practice
those observables include bottom-hole pressure, bottom-hole
temperature, and one or more measures of rate or choke condi-
tion. The physical relation between the hidden radial thermal
memory and those observables is mediated by distributed in-
flow and by the thermal transport of the wellbore fluid.

Let z denote depth along the relevant wellbore segment and
Twz, t the flowing fluid temperature. Let inflow occur at L entry
locations zℓ, each with mass rate mℓt and interval-specific en-
tering enthalpy hin

ℓ t. The reduced energy balance for the flow-
ing wellbore is

∂

∂z
(
mz, thwz, t

)
= Uz, tPz

(
Tfrw, z, t – Twz, t

)
L
ℓ=1

mℓthin
ℓ tδz – zℓ Qℓz, t, (4.1)

where Qℓ is a reduced source term representing axial effects
not explicitly resolved elsewhere (18). The enthalpy of the en-
tering stream is determined from the interval entering temper-
ature, pressure, and fluid properties:

hin
ℓ t = h

(
Tℓ

int, pℓt
)

. (4.2)

Thus the hidden thermal memory state influences the measured
wellbore temperature through the interval enthalpy sources.

The pressure model is coupled but need not be resolved at
the same level of detail as a full reservoir simulator for the pur-
poses of interpretation. A reduced inflow law is sufficient if
it preserves the sensitivity of interval rate to bottom-hole pres-
sure and local conditions. For each interval ℓ,

mℓt = Qℓ

(
pr,ℓ, pbht,µℓTℓ

in, ρℓTℓ
in, κℓt

)
, (4.3)



Table 7. State-space structure used in the reconstruction framework

State Component Symbol Description Dynamics Source
Thermal coefficients aℓ

k Radial disturbance modes Diffusion recovery
Wellbore thermal state bk Reduced wellbore energy state Axial transport
Allocation variables ζk Interval contribution weights Inflow redistribution
Parameter vector ϑk Diffusivity, conductance, etc. Transport properties

Table 8. Regularization terms used in inverse reconstruction

Regularizer Mathematical Form Purpose Physical Motivation
Thermal evolution Rtha Stabilize thermal modes Diffusive recovery constraint
Allocation smoothness Rallocζ Prevent abrupt flow shifts Physical interval continuity
Parameter prior Rϑϑ Enforce admissible values Transport realism
Initial state prior a0 ∼ m0 Circulation-based estimate Encodes thermal history

where pr,ℓ is an effective reservoir pressure, pbht the bottom-
hole pressure, and κℓt a reduced interval factor accounting for
skin, completion loss, or changing effective transmissibility.
The dependence of mℓ on Tℓ

in arises through viscosity, density,
and possibly compressibility. Thus the thermal memory state
can affect rate not only through the temperature measurement
but also through the inflow law itself.

A convenient reduced parameterization of interval contri-
bution uses soft allocation variables ζℓt,

mℓt = mtott
expζℓt

L
j=1 expζjt

. (4.4)

This parameterization is useful even when total rate is observed
because it separates overall drawdown from interval distribu-
tion. The ζℓt variables are then estimated jointly with the ther-
mal coefficients (19). If one interval remains more strongly
cooled than another, its contribution to the mixed wellbore tem-
perature can be thermally identifiable even when pressure alone
provides only weak discrimination.

The multirate schedule affects the model through both mtott
and the interval weighting vectors cℓt. Consider a rate change
at time tr. Immediately before the change the entering temper-
atures are

Tℓ
int–

r = Tℓ
∞ cℓ⊤

– aℓt–
r . (4.5)

Immediately after the rate change, the thermal coefficients aℓtr
remain continuous to leading order because the radial field does
not jump. However the weighting vectors shift,

Tℓ
intr = Tℓ

∞ cℓ⊤aℓtr. (4.6)

The difference between cℓ– and cℓ can create an observable ther-
mal effect even when the underlying radial field changes only
slowly across the same instant. This fact is valuable because
it means multirate schedules provide more than extra pressure
transients. They also provide multiple thermal views of the
same hidden radial state.

The measured bottom-hole temperature is then obtained af-
ter wellbore mixing and transport. In a reduced model one may

express it as

Tbht = W
(

{Tℓ
int}L

ℓ=1, {mℓt}L
ℓ=1, bt, ut

)
, (4.7)

where bt denotes the reduced wellbore thermal state and ut op-
erational inputs. Similarly the measured bottom-hole pressure
satisfies (20)

pbht = P
(
{mℓt}L

ℓ=1, qt, ut
)

. (4.8)

The two observations are therefore coupled through the same
hidden interval flows and through the thermal state. This is why
a joint inversion is more informative than a separate treatment
of temperature and pressure.

The system can now be written as a reduced nonlinear state-
space model. Let

xk =



a1
k
...

aL
k

bk
ζk
ϑk


. (4.9)

Then the discrete transition over one observation interval is

xk1 = Aσkxk Bσkuk rσkxk, uk ϵk, (4.10)

and the observation map is

yk =

 Tbh,k
pbh,k
mtot,k

 = Hσkxk, uk ηk. (4.11)

The operational mode σk encodes shut-in, drawdown at a par-
ticular rate, buildup, and other scheduled segments. The hid-
den thermal memory state persists across those modes even
as the observation operator changes. It is precisely this mode-
dependent but state-continuous structure that the inverse recon-
struction must respect.



Table 9. Performance metrics used in numerical validation

Metric Expression Evaluated Quantity Interpretation
Entering temperature error ETin Reconstructed inflow temperature Thermal accuracy
Interval temperature error Eℓ

Tin
Layer-specific inflow temperature Interval resolution

Rate reconstruction error Eq Predicted flow rate Hydraulic accuracy
Transition adaptation loss Ak⋆, H Response after rate change Multirate adaptability

Table 10. Asymptotic regimes of temperature response during testing

Regime Dominant Mechanism Observable Features Interpretation Impact
Early-time flow Near-wall thermal modes Strong temperature deviation Constrains shallow disturbance
Intermediate time Broad radial sampling Multiple thermal modes visible Improved identifiability
Late-time recovery Weak residual disturbance Temperature approaches T∞ Thermal memory fades
Post-recovery Equilibrium state Minimal thermal bias Standard interpretation valid

What this section establishes is that the measurement se-
quence in a multirate drill stem test is generated by a com-
position of maps: circulation history shapes the hidden radial
thermal memory, the hidden thermal memory shapes the enter-
ing temperatures, the entering temperatures and interval flows
shape the wellbore thermal state, and the wellbore thermal state
together with bottom-hole pressure produces the measured data.
The inverse problem must therefore work backward through
this chain (21). The next section develops a regularized recon-
struction procedure for doing so.

5. Regularized Inverse Reconstruction of Hidden Ther-
mal Memory and Interval Contribution
The reduced multirate thermohydraulic model permits interpre-
tation to be stated as an inverse problem over hidden states and
uncertain parameters. Let the unknowns over an observation
window be the interval thermal coefficient trajectories aℓk, the
wellbore thermal states bk, the interval contribution variables
ζk, and a parameter vector ϑ containing effective diffusivities,
wall conductances, and selected correction factors. Let yk be
the measured data and uk the known operational inputs. The
goal is to recover the hidden quantities in a way that fits the
data while remaining consistent with the dissipative structure
of thermal recovery and with physically admissible interval be-
havior.

A natural formulation is a dynamic regularized least-squares
functional. Denote the full hidden state by xk and the reduced
forward maps by Fk and Hk. The objective is

J x0:N, ϑ =
1
2

N
k=0

(
yk – Hkxk, uk, ϑ

)⊤ R–1
k

(
yk – Hkxk, uk, ϑ

)
1
2

N–1
k=0

(
xk1 – Fkxk, uk, ϑ

)⊤ Q–1
k

(
xk1 – Fkxk, uk, ϑ

)
Rtha0:N Rallocζ0:N Rϑϑ. (5.1)

The first term measures the data mismatch. The second pe-
nalizes deviations from the reduced dynamical model. The re-
maining three terms impose thermal, allocation, and parame-
ter regularization. These regularizers are not generic smooth-

ness penalties (22). They encode specific physics of the near-
wellbore problem.

The thermal regularizer should reflect the fact that post-
circulation recovery is diffusion dominated and radially smooth
in an appropriate basis. A useful form is

Rtha0:N =
λa
2

L
ℓ=1

N–1
k=0

∥∥∥aℓk1 – Gℓ
kaℓk

∥∥∥2

2

λ0
2

L
ℓ=1

∥∥∥aℓ0 – mℓ
0

∥∥∥2

Pℓ–1
0

,

(5.2)

where Gℓ
k is the nominal reduced recovery propagator for inter-

val ℓ and mℓ
0 is a prior mean derived from circulation history.

This term prevents the inversion from fitting the data by intro-
ducing thermally implausible oscillation in the hidden radial
field.

The interval-allocation regularizer reflects the fact that con-
tribution fractions should not swing erratically unless the data
strongly support such change. If ζk denotes the vector of soft
allocation variables, one may set

Rallocζ0:N =
λζ

2
N–1
k=0

∥ζk1 – ζk∥2
2

λs
2

N
k=0

L
ℓ=1

(
ζℓ,k – ζ̄ℓ,k

)2 ,
(5.3)

where ζ̄ℓ,k is a weak prior trajectory based on interval transmis-
sibility expectations. This regularization is important because
a temperature mismatch can sometimes be explained either by
adjusting the thermal memory state or by changing the alloca-
tion. The inversion should not choose between those explana-
tions based on local noise.

The parameter regularizer ensures physical admissibility
and protects directions that are poorly identified by short win-
dows. For transformed positive parameters ϑ, (23)

Rϑϑ =
1
2ϑ – ϑ0

⊤W–1ϑ – ϑ0 λp j
Φjϑj, (5.4)

where W is a prior covariance and Φj penalizes nonphysical
values or departures from dissipative structure. For example,
diffusivity and conductance must remain positive, and combi-
nations of parameters that would produce amplifying thermal
modes can be excluded or heavily penalized.



The gradient of J with respect to hidden states and param-
eters is obtained through an adjoint recursion. Let λk denote
the adjoint variable at time k. Then

λN =
(
∂xNHN

)⊤ R–1
N

(
yN – HN

)
– ∂xNRth – ∂xNRalloc,

(5.5)

and for k = N – 1, . . . , 0,

λk =
(
∂xkFk

)⊤ Q–1
k

(
xk1 – Fk

) (
∂xkHk

)⊤ R–1
k

(
yk – Hk

)(
∂xkFk

)⊤
λk1 – ∂xkRth – ∂xkRalloc. (5.6)

The parameter gradient is

∇ϑJ = – N
k=0

(
∂ϑHk

)⊤ R–1
k

(
yk – Hk

)
– N–1

k=0

(
∂ϑFk

)⊤ Q–1
k

(
xk1 – Fk

)
– N–1

k=0

(
∂ϑFk

)⊤
λk1 ∇ϑRϑ.
(5.7)

These expressions make it practical to use Gauss-Newton or
projected quasi-Newton updates even when the full trajectory
is estimated.

Several structural observations follow immediately. The
hidden thermal coefficients aℓk affect the objective directly through
measured temperature and indirectly through interval rates and
pressure, since Tℓ

in enters the property-dependent inflow law.
The allocation variables ζk affect the mixed wellbore temper-
ature through interval weighting and affect the measured pres-
sure through distributed inflow. The parameters ϑ affect both
the recovery dynamics and the observation map. Because these
effects are coupled, fitting temperature alone or pressure alone
can produce biased latent-state reconstructions (24). Joint in-
version is not a luxury here; it is a structural necessity.

For operational use, the full-horizon inversion may be ap-
proximated by a sliding-window reconstruction in which the
latest W samples are re-estimated whenever new data arrive.
The initial condition of each window is given by the filtered es-
timate from the previous window, and a few adjoint iterations
are sufficient to refine the thermal memory state and interval
contributions. This permits quasi-online use without abandon-
ing the full dynamical structure.

The inverse reconstruction is therefore built around one
principle: the hidden thermal memory of circulation should be
recovered from the test in a way consistent with diffusion, well-
bore transport, and interval mixing, rather than through ad hoc
correction factors. The next section shows why this approach
is especially informative when the early and late asymptotics
of the test are analyzed explicitly.

6. Asymptotic Structure, Observability, and Interpre-
tive Limits
One of the most useful ways to understand the reconstruction
problem is through its early-time and late-time asymptotics.
These limits reveal which parts of the hidden thermal memory
state are observable from the data and which remain effectively
unconstrained without stronger prior information or different
measurements.

At very early flow times after shut-in, the inflow weighting
kernel is concentrated close to the wellbore. If the basis func-
tions are ordered from most localized near rw to most extended,
then the entering temperature admits the asymptotic form (25)

Tint = T∞
me

i=1
ce

i tait O
(
εt

)
, (6.1)

where me is small and εt is the residual contribution of broader
radial modes. This expression implies that early-time temper-
ature is sensitive mainly to the shallowest portion of the dis-
turbed zone. Therefore the earliest measured temperature data
constrain the near-wall thermal modes strongly but say rela-
tively little about the deeper extent of cooling. If one tries
to reconstruct the entire radial profile from a short early-time
record, the result is inevitably prior dominated. What the data
truly support is a narrow projection of the profile.

This early-time asymptotic picture also explains why differ-
ent physical mechanisms can be confounded. A stronger near-
wall thermal deficit, a larger inflow fraction from a colder inter-
val, or a slightly larger wellbore heat-loss coefficient can all de-
press the measured bottom-hole temperature over a short time
window. Pressure data help separate these explanations be-
cause interval fraction and hydraulic properties influence pres-
sure differently from pure thermal recovery. Yet even with
joint pressure-temperature data, the earliest window is typi-
cally insufficient to resolve all broad thermal modes and all
interval allocations uniquely. The correct response is not to
force the inversion to one apparent solution, but to regularize
the ill-conditioned directions and propagate the associated un-
certainty (26).

At intermediate times, the pressure perturbation expands ra-
dially and the inflow weighting broadens. More thermal modes
begin to contribute to the entering temperature. At the same
time, the amplitude of the disturbance decreases as recovery
proceeds. Thus information increases in dimension but may de-
crease in signal strength. This trade-off is one reason multirate
schedules can be useful. A rate increase or decrease changes
the weighting vector and effectively provides a new projection
of the same hidden thermal state. If the schedule is designed
well, the collection of projections across several segments can
improve observability of the broader radial modes even when
each segment individually remains only partially informative.

Late in the recovery process, the disturbed field becomes
smoother and smaller in magnitude. In this limit the enter-
ing temperature approaches the far-field formation temperature,
and the sensitivity of measured temperature to the thermal mem-
ory state decreases. The test then becomes progressively less
informative about the original circulation-induced disturbance
(27). This implies that the opportunity to reconstruct near-wellbore
thermal memory is temporally localized. If the well is tested
too late, the thermal bias becomes small enough that simpler
equilibrium assumptions may be adequate, but the window for
learning about the disturbance itself has largely closed. If it is
tested too early, the signal is strong but highly concentrated in a
few shallow modes and may be confounded with cleanup or al-
location effects. Multirate testing between these two extremes
is often the most informative.



A formal observability calculation reinforces this picture.
Let xk denote the linearized hidden state and consider the em-
pirical observability matrix over a horizon H,

Ok,H =


Hk

Hk1Fk
Hk2Fk1Fk

...
HkH–1FkH–2 · · · Fk

 . (6.2)

Small singular values of Ok,H correspond to hidden directions
that the data barely constrain. In the present problem such di-
rections often correspond to broad thermal modes or combina-
tions of thermal and allocation variables that affect the observ-
ables similarly. The singular value spectrum typically changes
as the test proceeds because the operators Fk and Hk depend on
mode and rate. A well-designed multirate schedule can there-
fore improve observability by changing the geometry of Hk
even if the state dimension itself remains fixed.

The parameter identifiability structure shows a similar early-
late contrast (28). Diffusivity influences how quickly the ther-
mal memory state decays, but over a very short window a change
in diffusivity may be hard to separate from a change in the ini-
tial thermal amplitude. Wellbore conductance influences the
mapping from entering temperature to measured temperature,
but over longer windows it can be partly separated from the
hidden radial state because the wellbore transport and forma-
tion recovery operate on different timescales. Thus the prac-
tical interpretive value of a test depends not only on whether
temperature was measured, but on whether the duration and
schedule of the test activate enough of the coupled timescales
to distinguish the relevant parameters.

There is also an important interpretive limit associated with
interval multiplicity. If several entries have similar far-field
temperatures, similar thermal histories, and similar hydraulic
responses, then the mixed wellbore temperature may simply
not contain enough information to distinguish them. In that
case the reconstruction of total entering temperature may still
be good, while layer-resolved entering temperatures and inter-
val allocations remain uncertain. This distinction matters be-
cause field analysts may be tempted to overread a successful
match of the total temperature and pressure trace as evidence
that the interval decomposition is well constrained. It is not
necessarily so. The inverse model should therefore report both
total reconstructed quantities and the uncertainty on interval-
resolved ones.

The asymptotic perspective also clarifies the role of prior
information from circulation modeling (29). Since early-time
data strongly constrain only near-wall modes, the deeper part
of the disturbed radial field must be supported partly by the
prior if it is to be represented at all. This is not a weakness of
the method. It is a reflection of the physics of observation. The
circulation phase created the disturbance, and later testing can
only partially illuminate it. The prior is therefore not an arbi-
trary mathematical convenience. It is the natural informational
inheritance from the circulation history.

These asymptotic and observability results suggest a clear

interpretive message. The thermal memory of circulation is
most valuable and most difficult to recover exactly when the
test begins early enough that the disturbance still matters. In
that regime the hidden field must be reconstructed with ex-
plicit regularization, and interval-resolved conclusions should
be treated according to the true singular structure of the inverse
problem rather than according to fit alone.

7. Numerical Program and Field Interpretation Logic
A practical implementation of the present framework begins
before the test itself, with a reduced thermal library derived
from representative circulation and recovery scenarios (30). The
first step is to generate radial temperature histories over plau-
sible ranges of circulation duration, mud temperature contrast,
wellbore conductance, diffusivity, and shut-in time. These his-
tories are then used to construct the basis functions ϕir by a
weighted singular-value decomposition or by direct discretiza-
tion of the diffusion operator. The basis must preserve both
the steep gradients near the wellbore and the broader recovery
envelope because the former dominate early-time entry temper-
ature while the latter control later transients.

The second step is to build reduced mappings for the inflow
weighting vectors cit over a grid of flow conditions and interval
properties. This can be done using simplified radial flow surro-
gates or more detailed local simulations. The resulting library
allows rapid evaluation of entering temperatures during inver-
sion without repeated full radial solves. A similar procedure is
used for the wellbore temperature map, which relates interval
entering enthalpy to bottom-hole temperature under given flow
rates and conductance values.

The inversion can then be deployed in two modes. In a
quasi-online setting, a short window of the most recent data is
re-estimated whenever a new rate segment begins or a sufficient
number of new samples arrive. The initial thermal memory
state of that window is inherited from the previous solution
(31). In a full post-test setting, the entire observation record
is inverted jointly using the adjoint formulation. The latter is
more accurate and can revise early hidden states in light of later
data, but the former is useful for field decisions when the test
is still ongoing.

The numerical study should include synthetic cases designed
to expose the key ambiguities. One family of cases should vary
circulation duration and shut-in time so that the same reservoir
can enter the test with different near-wellbore thermal deficits.
A second family should vary diffusivity and conductance to
test whether the inversion separates deeper recovery from lo-
cal wellbore equilibration. A third should include multilayer
intervals with distinct thermal memories but similar hydraulic
properties, because such cases are particularly challenging and
reveal the actual resolving power of the temperature data. A
fourth should include multirate schedules, allowing evaluation
of how much additional observability is created by rate changes.

For synthetic cases in which the hidden state is known, the
most direct thermal metric is the entering-temperature error,

ETin =
1

Nf k∈If

(
T⋆

in,k – T̂in,k
)2

, (7.1)



where If indexes flow observations. A weighted early-time
variant is often more relevant operationally because the strongest
interpretive bias arises shortly after flow begins. If interval-
resolved truth is available, one should also compute (32)

Eℓ
Tin =

1
Nf k∈If

(
Tℓ,⋆

in,k – T̂ℓ
in,k

)2
. (7.2)

These interval errors reveal whether the model is reconstruct-
ing the mixed wellbore response only, or whether it is gen-
uinely resolving interval-scale thermal differences.

Rate interpretation is another key outcome. If the total or
interval inflow rates are known in the synthetic truth, one may
evaluate

Eq =
1

Nf k∈If

(
q⋆

k – q̂k
)2 , (7.3)

together with interval-specific analogues. These errors should
be compared with those from a model that assumes entering
temperature equals undisturbed formation temperature. The
difference isolates the value of explicit thermal-memory recon-
struction.

A useful adaptation metric for multirate interpretation is
the transition loss after a rate change at time index k⋆,

Ak⋆, H =
1
H

H–1
j=0

(
yk⋆j – ŷk⋆j|k⋆–1

)⊤ R–1 (
yk⋆j – ŷk⋆j|k⋆–1

)
.

(7.4)

This quantity measures how well the reconstructed hidden ther-
mal state and interval contributions anticipate the new flow seg-
ment before being corrected by future data. It is particularly in-
formative when comparing the full reconstruction against sim-
pler equilibrium or scalar-correction models.

For field use, uncertainty behavior is as important as point
accuracy (33). Posterior or Hessian-based credible intervals
should be computed for entering temperature, interval contri-
bution, and the most influential transport parameters. Cover-
age can be evaluated directly in synthetic cases. In field cases,
while ground truth on hidden quantities is unavailable, the width
and evolution of the inferred uncertainty still provide a diag-
nostic of whether the test schedule truly resolved the hidden
thermal memory or merely allowed a plausible but weakly con-
strained reconstruction.

The field interpretation logic emerging from this numeri-
cal program is straightforward. If the reconstructed thermal
bias is large and its uncertainty moderate, then equilibrium-
based early-time rate or property inference should be regarded
as unreliable. If the reconstructed thermal bias is small rela-
tive to uncertainty, then the test may not contain enough ther-
mal information to justify strong interval-scale claims, and sim-
pler approaches may be sufficient. If pressure and temperature
can both be matched only through a substantial hidden ther-
mal deficit, then the physical case for near-wellbore thermal
memory is strong. If temperature can be matched equally well
by varying conductance or allocation within uncertainty, then
stronger instrumentation or a more informative multirate sched-
ule may be needed in future tests.

8. Conclusion
This paper presented a different analytical organization for the
same field problem of circulation-induced near-wellbore ther-
mal disturbance and its effect on early drill stem test interpreta-
tion. The central concept was the reconstruction of hidden ther-
mal memory (34). Instead of treating post-circulation cooling
as a single correction applied to a flow model, the paper rep-
resented the disturbed near-wellbore zone as a radial thermal
memory kernel evolving through shut-in and multirate flow.
That hidden kernel was then linked to entering-fluid temper-
ature through an inflow-weighted functional, embedded into a
reduced wellbore thermal transport model, and estimated by
a regularized inverse framework using pressure, temperature,
and rate data jointly.

The analysis emphasized several points. First, the near-
wellbore thermal state is distributed radially and cannot in gen-
eral be captured by a scalar offset if early-time interpretation is
the objective. Second, the multirate test schedule changes the
way the hidden thermal field is sampled, so rate changes can
provide information about that field rather than merely compli-
cate the analysis. Third, early-time temperature strongly con-
strains only a narrow projection of the hidden radial field, while
broader parts of the field remain partly prior dependent unless
the test schedule is sufficiently informative. Fourth, interval-
resolved interpretations may remain uncertain even when to-
tal pressure and temperature are matched well, and that uncer-
tainty should be reported rather than hidden.

The resulting framework is therefore best understood as a
multiscale reconstruction method for recently circulated wells.
It preserves the physics of radial heat recovery, couples that re-
covery to inflow and wellbore transport, and identifies the lim-
its of what early-time drill stem test data can reveal. In settings
where the near-wellbore zone has not yet thermally stabilized,
such a formulation offers a more coherent basis for estimating
entering temperature, interval contribution, and early inflow be-
havior than equilibrium-based interpretations (35).
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