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Abstract
Swarm robotic systems and distributed sensor networks are increasingly deployed in environments where communication is unreliable and
node integrity cannot be guaranteed. Many practical platforms rely on local averaging and gradient-based update rules to achieve coordination,
yet these mechanisms are vulnerable to malicious or faulty agents that deviate arbitrarily from prescribed protocols. Classical consensus and
distributed optimization approaches therefore do not directly apply when adversaries can inject arbitrary signals, manipulate local memories,
or corrupt messages in transit. There is ongoing interest in algorithmic structures that retain linear update simplicity while tolerating such
Byzantine behaviors in large-scale networks. This work investigates resilient consensus and distributed optimization in swarms subject to worst-
case adversarial behavior under a fairly general linear interaction model. The focus is on maintaining coherence of the normal agents while
adversaries attempt to disrupt convergence or steer the swarm to undesirable states. The paper develops a modeling framework that captures local
filtering, truncated aggregation, and adversarial isolation through effective linear operators, and it interprets many existing resilient mechanisms
through this lens. The analysis emphasizes how structural properties of the interaction graphs, such as redundancy and sparsity, combine with
algorithmic parameters to determine achievable resilience levels and convergence rates in large-scale settings. The discussion covers both static
and slowly time-varying networks and includes remarks on computational and communication complexity. The overall perspective highlights
trade-offs between resilience, scalability, and performance for consensus and distributed optimization in adversarial environments.

1. Introduction
Networked systems composed of many simple agents are now
used in surveillance, environmental monitoring, cooperative
exploration, and infrastructure management (1). In such set-
tings there is often no central controller with complete infor-
mation. Instead, each agent exchanges state information with
nearby peers and updates its own state according to a local rule.
Over time this process is expected to drive all nonfaulty agents
to agreement or to a common optimizer of a shared objective
(2). The basic premise of distributed consensus and optimiza-
tion is therefore that global coordination can emerge from re-
peated local averaging and gradient steps.

This premise is challenged when the network is exposed to
failures or malicious attacks. An adversary may compromise
a subset of nodes, alter their internal logic, and cause them
to transmit arbitrary values (3). Unlike benign faults such as
packet drops or delays, Byzantine behavior is not constrained
by any predefined error model. A compromised node can be-
have correctly for long periods of time and then deviate in care-
fully chosen directions, possibly in a coordinated fashion with
other compromised nodes. Classical convergence arguments
that rely on linearity and stochasticity of the weight matrices no
longer hold when some entries in the update rule correspond
to arbitrary values (4).

The large population nature of swarms adds an additional
dimension. The same mechanism that makes consensus scal-
able, namely the use of simple linear iteration with sparse local
interactions, also makes it difficult to protect every component.
Nodes may be low-cost and computationally limited, commu-

nication channels may be lossy, and cryptographic authentica-
tion may not be practical at every link (5). At the same time,
coordinated adversaries may be able to strategically compro-
mise a fraction of the network. In such circumstances, it is
natural to ask what forms of linear or piecewise linear update
rules can still guarantee agreement or approximate optimality
for the nonfaulty agents.

One line of research imposes structural constraints on the
underlying communication graph. For example, if each nor-
mal node has sufficiently many independent neighbors whose
information can be cross-validated, then outlier rejection or me-
dian type filters can be used to attenuate adversarial influence
(6). Another line of work imposes redundancy at the level of
local objective functions, making it more difficult for an ad-
versary to alter the global optimum. These ideas can be com-
bined within a unified linear algebraic framework that models
the evolution of the swarm state as the repeated application of
state-dependent operators on the vector of agent variables.

The present work examines resilient swarm consensus and
distributed optimization under Byzantine adversaries from such
a linear operator perspective (7). The agents of interest are
those that follow a prescribed update rule, called normal agents.
A subset of agents may be adversarial and is allowed to send
arbitrary messages to its neighbors, possibly dependent on the
entire history of the system. The normal agents implement up-
dates that combine linear averaging, gradient descent, and local
filtering based on simple comparisons among neighbor values
(8). Even though the filtering makes the update rule nonlinear
in general, it can be represented as a selection among a finite set
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Figure 1. Layered view of the swarm, resilient consensus, and distributed optimization stack with localized Byzantine perturbations.

of linear operators that depend on the configuration of neighbor
states.

The central questions addressed are the following. Under
what structural conditions on the communication graph and the
set of potentially adversarial nodes can normal agents reach ap-
proximate consensus in the presence of arbitrary adversarial in-
puts (9). How do these conditions change when the agents seek
to collectively minimize a global objective that decomposes
into private convex functions, while some agents are adversar-
ial. How do the properties of the resulting dynamics scale with
the network size. These questions are explored through linear
modeling of the update rules, spectral properties of effective
weight matrices, and contraction arguments. The overall aim is
not to provide a single universal algorithm, but rather to clarify
what types of linear update mechanisms can be made resilient
in large-scale adversarial settings (10).

2. System Model and Problem Formulation
Consider a network of agents indexed by the set

V = {1, . . . , n}.

Each agent holds a state variable in a Euclidean space. For
simplicity, the discussion uses scalar states and then comments
on vector-valued extensions (11). Let

x ∈ Rn

denote the stacked vector of agent states, where the entry asso-
ciated with agent i is written

xi ∈ R.

The communication pattern among agents is described by a di-
rected graph (12). When there is an edge from node j to node
i, node i can receive information from node j. The set of in-
neighbors of agent i is written as a fixed set

Ni ⊆ V.

The self-index i may be included in this set for notational con-
venience (13).

In the absence of adversaries, a standard linear consensus
update has the form

x = Wx,
where W is a nonnegative matrix with row sums equal to one.
The entry wij is nonzero only when there is a communication
link from node j to node i. In typical designs, the scalar wij
is chosen according to a simple rule such as uniform weights
over neighbors or weights based on local degree. The iteration
is then a Markov chain in state space, and classical convergence
results follow when the underlying graph is strongly connected
and aperiodic (14).

In the presence of Byzantine agents, the update for a normal
agent must be modified. Let N ⊆ V denote the set of normal
agents and let B = V \ N denote the set of potentially adversar-
ial agents. The adversarial agents may deviate arbitrarily from
any prescribed protocol. For a normal agent i, the messages re-
ceived from neighbors are no longer guaranteed to reflect their
actual states (15). Instead, for each incoming neighbor j, the
received value may be any real number. The update rule for a
normal agent therefore takes the form of a function

xi = Fizi,
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Figure 2. Local neighborhood of a normal agent performing filtered aggregation of neighbor states in the presence of Byzantine neighbors.
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Figure 3. Block representation of normal-agent dynamics with linear operators mapping normal and Byzantine states and projection onto the
consensus subspace.

where zi is the vector of received values and may include arbi-
trary components due to adversaries.

A large class of resilient mechanisms relies on linear or
piecewise linear operations on the received vector zi. A typical
design consists of discarding extreme values and then averag-
ing the remaining entries using fixed coefficients (16). Such a
mechanism can be represented as

xi = w>
i ϕizi,

where ϕi is a selection operator that reorders and possibly trun-
cates the received vector, and where wi is a fixed weight vector.
For a given configuration of input values, the selection operator
chooses a particular subset, and the resulting update is linear
in the retained entries. The overall network transition for the
normal states can be written as (17)

xN = MxxN ux,

where xN is the subvector of normal states, Mx is a matrix
whose entries depend on which neighbors are discarded by the
filters, and ux is a term that aggregates the influence of adver-
sarial agents. Both Mx and ux vary with the current configura-
tion of states because the filtering decisions depend on relative
values.

The consensus problem in this context is to design update
rules and impose structural conditions such that the normal
agents approach a common value despite the presence of ad-
versaries. Formally, for every initial condition of the normal
states and for every sequence of adversarial actions, the aim is
to achieve (18)

lim
k→∞

|xik – xjk| = 0

for all normal agents i and j. The limiting value itself may de-
pend on the initial condition and on the adversarial strategy, but
it is typically constrained to lie in the convex hull of the initial
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Figure 4. Hierarchical clustering of agents with resilient intra-cluster aggregation and inter-cluster coordination among protected representatives.

normal values when certain filtering schemes are employed.
Distributed optimization introduces an additional structure.

Each agent i is associated with a private cost function fi defined
on a common decision space. The collection of normal agents
seeks to minimize the aggregate objective (19)

fx =
i∈N

fix,

while agent states remain synchronized. This leads to update
rules that combine consensus averaging with gradient descent.
A prototypical form for a normal agent is (20)

xi = vi – γgi,

where vi is an aggregated consensus variable constructed from
neighbor information, gi is a subgradient or gradient of the lo-
cal function at the current estimate, and γ is a stepsize param-
eter. In the presence of adversaries, the consensus variable vi
is constructed through filtering operations on messages from
neighbors, while the gradient is computed locally. The global
dynamics of the normal agents then combine the previously
described piecewise linear consensus operator with a gradient
step.

The formal optimization problem of interest is to design
such local update rules so that the normal agents asymptoti-
cally agree on a common state that lies near the minimizer of
the aggregate objective, under bounding assumptions on gradi-
ents and structural assumptions on the graph. The notion of ap-
proximate optimality is often used because adversarial agents
may bias the achievable equilibrium away from the true mini-
mizer (21). The analysis in subsequent sections relies on linear
algebraic properties of the effective consensus operators and on
standard convex analysis for the gradient components.

3. Byzantine-Resilient Consensus Mechanisms
The core challenge in resilient consensus is to limit the influ-
ence of adversarial signals while preserving enough averaging
among normal agents to achieve agreement. A common design
pattern introduces a local filter that discards extreme neighbor
values before averaging (22). Consider a normal agent i with re-
ceived vector zi. For a given integer parameter r, the agent sorts
the received values and removes up to r largest and r smallest
ones. The remaining entries are then combined linearly. When
the number of adversarial neighbors is bounded by r, the filter
ensures that all remaining values originate from normal neigh-
bors or from the agent itself (23).

The filtered averaging step for agent i can be expressed as

xi = j∈Sizi
aijzij,

where Sizi is the retained index set after filtering and where aij
are fixed nonnegative weights with unit sum over the retained
set. For each configuration of received values, the set Sizi is a
subset of neighbors that depends on the ordering of the entries
in zi. The resulting update is linear in the retained entries but
nonlinear in the full vector of states. From a network perspec-
tive, at each time step the state transition for the normal agents
can be written as

xN = AkxN,

where Ak is a row stochastic matrix whose nonzero entries
correspond to the dynamically selected neighbor sets for each
agent (24). The entries of Ak depend on the current state con-
figuration and on the adversarial actions through their effect on
the sorting and filtering.

Despite this state dependence, one can derive convergence
by showing that the sequence of matrices Ak belongs to a com-
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Figure 5. Snapshots of time-varying local neighborhoods showing evolution of connectivity and Byzantine placement across successive itera-
tions.

pact set of stochastic matrices that share certain structural prop-
erties. In particular, each row of Ak assigns a fixed minimum
weight to at least one normal neighbor in every sufficiently
large subset (25). The interaction graph induced by the nonzero
entries of these matrices must satisfy redundancy conditions
that guarantee that influences from normal nodes percolate through
the network even when adversarial nodes are present. When
such connectivity properties hold over time, it is possible to
show that the product of matrices Ak converges to a rank one
matrix, leading to consensus among normal agents.

A useful viewpoint is to partition the state into normal and
adversarial components (26). Let the state be expressed as

x =

[
xN
xB

]
,

where xB collects whatever values the adversarial agents choose
to adopt. The filtered consensus dynamics of the normal agents
can then be written as

xN = FkxN GkxB,
where Fk and Gk are matrices that capture, respectively, the
internal averaging among normal agents and the residual influ-
ence of adversarial values after filtering (27). When the filter

parameters satisfy suitable bounds relative to the number of
adversarial neighbors, it is possible to design algorithms such
that each row of Gk has bounded norm and each row of Fk has
a dominant diagonal entry. This induces a contraction of the
disagreement among normal agents, with the adversarial term
acting as a bounded disturbance.

The contraction effect can be seen by defining the disagree-
ment vector as

y = HxN,
where H is a matrix that projects onto the subspace orthogonal
to the consensus subspace (28). For example, H may subtract
the average of the normal states. The corresponding dynamics
satisfy

y = HFkH†y HGkxB,
where H† is any right inverse on the relevant subspace. Under
connectivity and redundancy assumptions, the induced matrix
HFkH† has a spectral radius strictly less than one in an appro-
priate norm, uniformly over k. This yields exponential decay of
the disagreement among normal agents when the disturbance
term HGkxB is bounded. If adversarial agents can choose ar-
bitrary unbounded values, the disturbance can be unbounded,
but their contribution is attenuated by the filtering and does not
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Figure 6. Closed-loop interaction between resilient consensus, gradient-based optimization, and the underlying physical process under adver-
sarial perturbations.

Table 1. Roles in the swarm consensus and optimization architecture.

role description typical state key constraint
normal agent protocol-following node consensus / optimizer

variable
bounded update, local infor-
mation

Byzantine agent arbitrarily deviating
node

arbitrary signal in R unconstrained behavior

environment exogenous field or task reference trajectory or
field

indirectly observed

aggregator local filtering entity weighted neighbor ag-
gregate

limited neighborhood, local
memory

plant physical process system output governed by dynamics

prevent the normal states from remaining within a bounded re-
gion (29).

The large-scale nature of swarm systems raises questions
about how the redundancy conditions scale with the number
of nodes. In sparse graphs with bounded degree, a fixed num-
ber of adversarial nodes per neighborhood represents a dimin-
ishing fraction of the overall network as the size grows. Un-
der appropriate assumptions, the filtering rules can maintain
resilience for networks of increasing size, provided that the lo-
cal neighborhoods remain sufficiently large relative to the max-
imum number of adversarial neighbors (30). The analysis then
relies on per-node conditions rather than on global fractions
of adversaries, leading to resilience guarantees that scale in a
structurally transparent manner.

4. Distributed Optimization with Adversarial Agents
When agents seek not only consensus but also minimization of
a shared objective, the update rule is enriched by local gradient
information. For each normal agent i, the local objective fi is
assumed to be convex and differentiable, with gradients that are
Lipschitz continuous and bounded over the domain of interest.
The aggregate objective over normal agents is (31)

fx =
i∈N

fix,

and the goal is to approximate a minimizer of this function
while preserving resilience to adversarial agents.

A basic resilient optimization scheme combines a filtered
consensus step with a gradient descent step. Let the current
estimate for agent i be xi. The agent first performs a filtered
consensus operation using neighbor messages to construct an
intermediate variable vi. This variable is formed by discarding
up to a prescribed number of extreme neighbor estimates and
averaging the remainder, in a manner consistent with the con-
sensus mechanisms previously described (32). The agent then
computes the gradient gi of its local function at the intermedi-
ate estimate and updates its state according to

xi = vi – γgi,

where γ is a stepsize that may be constant or time varying.
In vector form, stacking the normal agents’ estimates into

xN, the overall dynamics can be written as

xN = CkxN – γdxN,

where Ck is a stochastic matrix capturing the filtered consensus
step and where dxN is the stacked gradient vector evaluated at
agent-wise intermediate points. The dependence of Ck on the
state and the presence of adversarial agents leads to a piecewise



Table 2. Graph and linear operator symbols in the system model.

symbol meaning type constraint
V set of agents finite index set fixed cardinality n
Ni in-neighborhood of

agent i
subset of V bounded degree

N set of normal agents subset of V N ∩ B = ∅
B set of Byzantine agents subset of V unknown internal logic
W nominal weight matrix row-stochastic matrix sparsity matches graph
Ak filtered weight matrix time-varying matrix state-dependent entries

Table 3. Linear and nonlinear components of the normal-agent update rule.

component mapping interpretation effect on dynamics
Fk xN 7→ FkxN normal-to-normal mix-

ing
contracts disagreement

Gk xB 7→ GkxB Byzantine injection bounded disturbance
H xN 7→ HxN projection to disagree-

ment
removes average mode

Qk xN 7→ QkxN consensus operator ergodic product
rxN xN 7→ rxN gradient perturbation biases equilibrium

linear operator plus a nonlinear gradient term. The analysis
of convergence combines techniques from resilient consensus
with those from classical distributed gradient descent.

A common assumption in convex optimization is that the
aggregate objective possesses at least one minimizer and that
the gradients are bounded over the domain explored by the iter-
ates (33). Under such assumptions, one can establish that the
disagreement among normal agents decreases due to the con-
tracting effect of the filtered consensus step. Simultaneously,
the average of the normal agent states approximately follows
a gradient descent trajectory on the aggregate objective, per-
turbed by terms that arise from the discrepancies between local
and average gradients and from adversarial influence. When
constant stepsizes are used, the iterates can be shown to ap-
proach a neighborhood of the minimizer whose radius is pro-
portional to the stepsize and to the strength of the adversarial
disturbance (34). When diminishing stepsizes are used, the
neighborhood shrinks, and convergence to a point in the set
of minimizers can be obtained under additional regularity as-
sumptions.

From a linear algebraic perspective, it is useful to decom-
pose the dynamics into a consensus component and an opti-
mization component. Let the consensus operator on normal
agents be written as (35)

QkxN,

where Qk is a stochastic matrix derived from the filtering mech-
anism. The optimization step for the normal agents can then be
expressed as a perturbation

xN = QkxN rxN,

where rxN collects the gradient descent contributions. If the
consensus operator is strongly ergodic in the absence of gradi-
ents, meaning that repeated application of Qk drives all normal

states to a common value, then the gradients can be incorpo-
rated as slowly varying inputs to this process (36). Under small
stepsizes, the gradients change slowly between consensus op-
erations, allowing the state to track an approximate descent tra-
jectory of the aggregate objective.

A subtle issue arises because adversarial agents may not
participate in the optimization in a consistent way. They may
transmit arbitrary estimates that are unrelated to any meaning-
ful local objective. Nevertheless, their influence on the nor-
mal agents is filtered through the consensus operator and can
be bounded under suitable redundancy conditions (37). This
boundedness allows one to treat adversarial contributions as
disturbances in the gradient dynamics. In particular, if the ad-
versarial inputs remain bounded, they induce a bounded bias
in the gradient descent trajectory of the normal agents, and ap-
proximate optimality can still be achieved.

The presence of adversaries also affects the design of step-
size schedules (38). Large stepsizes may amplify the effect
of adversarial disturbances and lead to oscillatory behavior or
divergence. On the other hand, excessively small stepsizes
slow down convergence, which may be undesirable in time-
critical applications. A compromise is to use stepsizes that de-
cay slowly over time, balancing the need for sufficient progress
early on with the need to mitigate accumulated adversarial ef-
fects (39). The functional form of the stepsize schedule can be
chosen using standard conditions from stochastic approxima-
tion, adapted to account for deterministic but arbitrary distur-
bances.

5. Scalability and Network-Level Effects
Resilient algorithms for consensus and optimization are often
developed and analyzed on fixed network sizes. Swarm sys-
tems, however, may involve large and growing numbers of agents
(40). It is therefore natural to consider how the properties of



Table 4. Key design and structural parameters affecting resilience and convergence.

parameter type typical choice qualitative influence
filter radius r integer small relative to degree controls Byzantine isola-

tion
stepsize γ scalar or schedule constant or decaying sets bias and conver-

gence speed
degree lower bound graph property moderate integer ensures redundancy
gradient bound analytic bound finite constant limits perturbation en-

ergy
spectral gap eigenvalue gap positive constant determines mixing rate

Table 5. Scaling tendencies of distributed optimization with increasing swarm size.

dimension local cost communication convergence behavior
small swarm few fi terms low message volume fast mixing, low latency
medium swarm tens of fi terms moderate volume mild spectral slow-down
large swarm many fi terms localized traffic slower global mixing
very large swarm clustered fi terms intra-cluster dense,

inter-cluster sparse
relies on hierarchy

resilient mechanisms scale with the number of nodes. A cen-
tral issue is the structure of local neighborhoods. If each agent
communicates with a bounded number of neighbors, then as
the network grows, each agent retains a local view of a small
part of the network (41). Resilience in this regime relies on
ensuring that each local neighborhood retains sufficient redun-
dancy.

Consider a family of graphs indexed by the number of nodes,
where each node has at least a fixed minimum in-degree. For a
given bound on the number of adversarial neighbors per node,
the filtering parameters can be chosen uniformly over the fam-
ily so that each normal node discards enough extreme messages
to eliminate all potential adversarial contributions. The con-
sensus operator at each time step then yields a stochastic ma-
trix whose rows assign nonzero weights only to normal neigh-
bors after filtering (42). Under suitable connectivity condi-
tions, such as joint strong connectivity over bounded time win-
dows, these matrices induce ergodic products that drive normal
states to agreement. Importantly, the size of the network does
not directly enter into the local update rules, which depend only
on the fixed parameters of the filter and on neighbor degrees.

The rate of convergence, however, can be influenced by net-
work size and topology (43). For example, in sparse graphs
with limited connectivity, information about distant nodes must
propagate through multiple hops. The spectral gap of the effec-
tive consensus matrices often decreases as the network grows,
leading to slower convergence. This effect is compounded when
filtering mechanisms remove a fraction of neighbor informa-
tion at each step (44). From a linear systems perspective, the
second largest eigenvalue modulus of the average consensus
operator plays a central role in determining convergence rates.
In resilient settings, this eigenvalue is influenced not only by
the graph structure but also by the placement of adversarial
nodes and by the filtering pattern.

Distributed optimization introduces additional scaling con-

siderations (45). Each normal agent maintains a local estimate
and performs gradient evaluations. As the network grows, the
communication and computation load per agent may remain
bounded if the local neighborhood size remains bounded and
the complexity of local objectives does not increase. How-
ever, the speed at which information about gradients at differ-
ent parts of the network is aggregated may slow down. The
effect of adversarial disturbances on the overall optimization
trajectory may also become more intricate in large networks,
especially when adversaries are placed strategically to obstruct
information flow between distant regions (46).

One approach to managing scalability is to introduce hier-
archical structures. Agents can be grouped into clusters that
perform resilient consensus and optimization internally. Clus-
ter representatives then interact with each other using similar
resilient mechanisms (47). This leads to a multi-level system in
which resilience is enforced at each layer. The linear operators
describing the dynamics become block structured, with intra-
cluster and inter-cluster components. Analyses of such systems
rely on understanding the spectral properties of the block ma-
trices and on ensuring that each level satisfies appropriate re-
dundancy and connectivity conditions (48).

Another aspect of scalability is robustness to dynamic changes
in the network. In practical swarm deployments, links may ap-
pear or disappear as agents move or as communication condi-
tions change. Adversaries may also join or leave the network
over time (49). Resilient mechanisms must therefore be de-
signed to accommodate time-varying graphs and potentially
time-varying sets of adversarial agents. The linear operator
viewpoint remains useful in this context. At each time step, the
consensus and filtering operations yield a matrix that reflects
the current connectivity and adversarial presence (50). The key
requirement is that the sequence of such matrices satisfies con-
ditions that guarantee convergence, such as joint connectivity
and uniform ergodicity. When these conditions are satisfied



Table 6. Hierarchical view of layers in a scalable resilient swarm architecture.

layer main entities function resilience handle
agent layer normal and Byzantine

agents
local sensing and actua-
tion

neighbor-based filtering

cluster layer group heads regional aggregation redundancy across clus-
ters

backbone layer representative links long-range coordination sparse trusted paths
plant layer physical subsystems task execution indirect feedback to net-

work

Table 7. Contrasting benign and adversarial operating regimes and associated design responses.

aspect benign regime adversarial regime design response
topology slowly varying intermittently disrupted robust connectivity mar-

gin
messages unbiased noise targeted perturbations extreme-value filtering
gradients consistent across

agents
partially corrupted bounded-step updates

timing mildly asynchronous sporadic blocking tolerance to delays

uniformly over the network evolution, the resilient properties
of the algorithms can be preserved even in large-scale and time-
varying environments.

6. Numerical Illustration and Practical Considerations
Although the focus of this discussion is on modeling and anal-
ysis, it is useful to consider how the described mechanisms be-
have in typical scenarios. Suppose a network of agents is ar-
ranged on a ring or grid, with each agent communicating with
a fixed number of neighbors (51). A subset of agents, chosen
according to some pattern, acts as adversaries and transmits
values designed to disrupt consensus or to bias the optimiza-
tion process. Normal agents implement a filtered averaging
rule with a fixed parameter that limits the number of extreme
neighbors that can be discarded. They then incorporate gradi-
ent information for distributed optimization tasks (52).

The behavior of such a system can be understood quali-
tatively through the linear operator framework. The filtered
consensus step at each time corresponds to a stochastic matrix
whose nonzero entries are determined by the retained neigh-
bor sets. Over time, the composition of these matrices governs
how information about normal initial states and local gradients
diffuses through the network (53). Adversarial nodes influence
the process through the terms that involve their states, but that
influence is constrained by the filtering and by the limited num-
ber of adversarial neighbors per normal node.

Implementation on resource-constrained agents introduces
several practical considerations. First, the sorting and filtering
operations require some computational effort and memory (54).
However, in many swarm applications, the number of neigh-
bors per agent is not large, and the overhead of sorting a small
vector at each iteration is manageable. Second, the design of
weights for the averaging step must account for potential asym-
metries in the communication graph. Uniform weights over re-
tained neighbors are simple to implement but may not exploit

structure that could improve convergence rates. More sophisti-
cated weight choices can be employed if agents have access to
local degree information or other graph metrics (55).

Communication constraints also play an important role. In
wireless swarms, links may be unreliable, and communication
may consume significant energy. Resilient algorithms must
operate under packet losses and delays (56). One strategy is
to design update rules that rely only on the most recently re-
ceived values from neighbors, without requiring synchronized
rounds. The resulting asynchronous dynamics can still be cap-
tured by time-varying linear operators, albeit with more com-
plex dependence on the communication pattern. The analysis
then extends to products of random or deterministic matrices
that reflect the combined effect of filtering, asynchrony, and
adversarial behavior (57).

Another practical dimension is the selection of algorithm
parameters, such as filtering thresholds and stepsizes. Conser-
vative parameter choices may enhance resilience by reducing
the influence of adversarial nodes, but they may also slow con-
vergence or increase sensitivity to measurement noise. Con-
versely, aggressive parameter choices may accelerate conver-
gence in benign conditions but compromise resilience when
adversaries are present (58). Tuning such parameters in large-
scale deployments can be challenging, especially when the dis-
tribution or number of adversarial nodes is not known a priori.
Adaptive schemes that adjust parameters based on observed dis-
agreement or performance metrics may offer a way to balance
these trade-offs in real time.

Finally, integration with higher-level control objectives must
be considered (59). In many swarm systems, consensus or dis-
tributed optimization is not an end in itself but a component of
a larger control architecture. For example, agents may use con-
sensus to agree on a reference trajectory, which is then tracked
using local controllers. Resilient consensus mechanisms must
therefore interface with these local controllers in a way that
preserves stability and performance. The linear model of con-



Table 8. Implementation-oriented resource considerations for resilient swarm operation.

resource per-agent load dominant contributor mitigation option
computation sorting and gradients filtering and local de-

scent
lightweight sorting, par-
tial updates

communication neighbor messages state broadcasts sparse schedules, com-
pression

memory neighbor buffers recent message history limited window storage
energy radio and compute wireless interface duty cycling, adaptive

rates

sensus dynamics can be integrated into system-level analyses
that account for the interaction between estimation, optimiza-
tion, and control layers in the presence of adversarial behavior
(60).

7. Conclusion
Large-scale swarm systems and distributed networks face chal-
lenges when some agents behave in a Byzantine manner. Clas-
sical consensus and optimization algorithms, while efficient
in benign settings, are not designed to tolerate arbitrary devia-
tions from protocol. The linear operator viewpoint on resilient
consensus and distributed optimization provides a framework
for understanding how local filtering, weighted averaging, and
gradient steps interact in the presence of adversaries (61). By
modeling the dynamics of normal agents through state-dependent
stochastic matrices and disturbance terms arising from adver-
sarial actions, one can derive conditions under which normal
agents achieve agreement or approximate optimality.

The study highlights the importance of redundancy in lo-
cal neighborhoods and of structural properties of the commu-
nication graph. When each normal agent has sufficiently many
neighbors and the number of adversarial neighbors per agent
is bounded, filtering mechanisms can effectively limit adver-
sarial influence (62). The resulting consensus operators retain
contraction properties that are essential for convergence. Com-
bining these operators with gradient-based updates leads to dis-
tributed optimization schemes that remain functional under ad-
versarial behavior, although with performance that depends on
stepsizes, disturbance bounds, and objective properties.

Scalability considerations show that resilient mechanisms
can be designed using local rules that do not explicitly depend
on network size, relying instead on per-node conditions and
structural graph properties (63). Hierarchical architectures, time-
varying graphs, and asynchronous communication patterns can
be incorporated within the same linear modeling framework.
Practical deployment involves balancing computational and com-
munication overheads with resilience and performance, as well
as integrating resilient consensus and optimization modules
into broader control architectures.

The linear formulation of resilient swarm consensus and
distributed optimization under Byzantine adversaries offers a
structured way to analyze and design algorithms for large-scale
networked systems. It clarifies how structural graph conditions,
local algorithm parameters, and adversarial capabilities jointly
determine the behavior of the system, and it provides a basis

for further refinement and specialization in application-specific
contexts (64).
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